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It is shown that a suspension of particles in a partially-filled, horizontal, rotating cylinder is linearly
unstable towards axial segregation and an undulation of the free surface at large enough particle
concentrations. Relying on the shear-induced diffusion of particles, concentration-dependent
viscosity, and the existence of a free surface, our theory provides an explanation of the experiments
of Tirumkuduluet al.[Phys. Fluidsl1, 507(1999; 12, 1615(2000]. © 2001 American Institute

of Physics. [DOI: 10.1063/1.1418362

The primary motivation for this work is to understand among the many intriguing effects known to arise in suspen-
the experiments of Refs. 1 and 2, showing spontaneous segions of non-Brownian particles in highly viscous fluids,
regation in sheared suspensions. In these experiments, mortdriven by shear flow or sedimentation. The feature of these
disperse polymer spheres several hundigad in diameter suspensions that is of relevance in this paper is that the par-
were suspended uniformly in fluids about 1000 times as visticles diffusé even though their thermal Brownian motion is
cous as water, with the same mass density as the particles, 8egligible. The microscopic explanatfbn for this diffusion
that there was no sedimentation. The initial experimentsis that the hydrodynamic interaction between the particles
were carried out with a suspension in a horizontal Couettéenders their motion chaotic, even in the Stokesian limit
cell, i.e., in the gap between two concentric cylinders, but invhere inertia of fluid and particles is ignored. The diffusive
subsequent studiésa single horizontal cylinder of radiuR  flux of particles has two parts, one driven by a gradient in the
was used. In both sets of experiments the container was fillegarticle volume fraction, the other by a gradient in the
only partially, i.e., there was a free surface. Let us restrict oudeformation ratey. For situations in which the predominant
description to the experiments in Ref. 2 for simplicity. Whenvariation is with respect to a single coordinatde.g., the
the cylinder was rotated at a tangential spege RQ) about  axial coordinate of the cylinder in Refs. 1 angdhd timet
its symmetry axis the initially uniform suspension was foundthe local volume fractiorb(z,t) (integrated over the remain-
to undergo a dramatic instability towards segregation intdng directiong of particles obeys the conservation law
bands of high and low concentration, with wave vector along .

. . . do d]
the cylinder axis. The surface profile was modulated as well, —=__~ (1)
i.e., the thickness of the fluid layer varied along the dsee Jt 0z
Fig. 1), with thicker regions corresponding to higher concen-yhere the shear-induced curréfitan be written as
tration. No instability was seen if there was no free surface, _
i.e., when the cylinder was completely filled with suspen- ) . d d
dion. g Py P et ety ot dats . @

The phenomena reported in the experiméhtsire _ _ . _ _

In (2), ais the particle radius, anfi, and fg are dimension-
less functions of the particle volume fractign®®7 Note that
2E'e°tr°”i.° mail: rama@jncasr.ac.in . (2) says that particles can move in the absence of concentra-
Electronic mail: prnott@chemeng.iisc.ernet.in . . . . . .
9Also with JNCASR, Bangalore 560 064, India. Electronic mail: tiOn gradients, or eveagainstconcentration gradients, if the
sriram@physics.iisc.ernet.in gradient in the deformation rate is appropriately directed.
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tion F of the volume of a horizontal cylinder of radilg
rotating about its symmetry axis with a tangential velocity
vo=RQ (see Fig. 2 Recall first the results of Ref. &a)

The dimensionless combinatig=F \/gR?/ vv,, whereg is

the acceleration due to gravity, measures the relative impor-
tance of gravitational and viscous forcéb) As vy is in-
creasedi.e., asp is decreaséeda fluid film of thicknessw is
dragged up and coats the cylinder wéd) Sincew, for low
speeds, is smaller than the depth of the residual pool of fluid
at the bottom of the cylinder, the thickness profile has a
“bump” at the bottom.(d) Oncew reaches a value-FR,
which occurs forg=pB.=1.4, the growth ofw saturates
FIG. 1. Schematic of steady-state surface profile of a horizontal cylinder oﬁince all the available fluid then coats the Cy"nder more or
radiusR, rotating with angular spee@. The thicknessv of the suspension  less uniformly, and the bump disappeats) For higher
!ayer dragged up, as.well as the concentration of.solute indicated by sha% eeds, i.e., fog<g., W is effectively independent of the
ing, are modulated with respect to the axial coordinatsee Ref. 2 rcF))tation speed,gndﬁ ?s determined sir)1/1ply b[;/ the geometrical

These equations are an essential ingredient of our theory Gfatemenw/R=F. The mechanism we propose below for
the shear-induced segregation seen in Refs. 1 and 2. the instability applies only when the thickness is determined

The main result of our analysis is that E4#) and (2), by the rotation speed by an explicit balance between viscous

when applied to neutrally buoyant Stokesian suspensions iﬁnd gravitational forces which is why, in Ref. 2, the instabil-
horizontal rotating cylinders, predict precisely the instability Y disappears when the bump does. .
seen in the experiments of Refs. 1 and 2, if the concentration  Consider a general situatidfig. 2) where the thickness

is large enough. The growth ral, of the instability varies w(z,t) of the fluid film dragged up, as well as the volume
asq? for small wave numbeq. The parameters which gov- fraction field ¢(z,t) (and hence the viscosjtyare varying in

ern the instability depend only on the volume fractiprof ~ SPace and tjme. The .com'pone.znt qf thg deformation rate. that
the suspension and the fill fraction of the cylinder. At low c0uld vary in the axial direction is given by the velocity
rotation rates() scales completely out of the problem: the difference across the layer divided by the thickness:

range of unstable wave numbers is therefore independent of

Q. For ¢ just above the instability-onset valug., T’ -7(2 t)ocvo—azw @3
reaches a maximum gt=q, ~\/(¢— ¢.) pg/ o, whereo is ' wo

the surface tension of the suspension. For reasonable values ) o

of these parameters we find that the fastest growing mod@nere a; is a pure number of order unity, independent of

has wavelength of order centimeters. We also explain whynaterial parameters. The experiments of Refs. 1 and 2 are

the instability disappears for large rotation rates. performed on highly viscous fluids, so that the Reynolds
We now obtain coupled equations of motion for the par-number is very small over the entire range of speeds and

ticle concentration and free-surface profile, and show tha€ngth scales studied. We shall therefore work in the limit of

these lead naturally to the above results. Consider a hom@€ro Reynolds number, where the inertia of particles and

geneous suspension with kinematic viscosiyilling a frac- fluid are ignored. Accordingly, the balance of gravitational,
viscous and interfacial forces per unit area of the layer tells

us that

Vo— azw (92W
PQW(ZJ):CYM(@TJFUP, (4)
and in particular that the layer thickness in tteady, spa-
tially uniform state is

Ve /%ﬂ(d’)vo. 5)
ng

In (4) and(5), p, 7(¢), ando are, respectively, the density,
effective viscosity(as a functiod'® of the local particle vol-
ume fractiong) and surface tension of the suspensigris

the acceleration due to gravity, and is another geometrical
factor of order unity, with no dependence on any material
FIG. 2. Cross-sectional schematic of profile of fluid layer of characteristicparam_eter' Th_e fill fractio determines the angle made by
thicknessw and kinematic viscosity, dragged up against graviyby a  the cylinder with the free surface of the pool of suspension,
cylinder rising at speed,. and hence the details of the flow in the fluid layer. This is

suspension
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reflected in the parameters, and «, in our model, but our
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q, =\—E/2CS, (13)

conclusions are qualitatively insensitive to their precise nu-

merical values.

which determines the observed wavelength of the initial

Let us now perturb the thickness and COnCemraﬂorjnstability.ll For a given fill fraction,E can vary only with

fields: [w(zt), ¢(z,t)]=[w+ dw(z,t), o+ ¥(z,t)]. This
will in turn lead to perturbations of the local values pfand

7, yielding closed equations of motion for the evolution of
ow(z,t) and(z,t) via (1) and(4). We work to linear order
in éw and ¢. Let us work in terms of the nondimensional
quantitiesH=éw/w, 7= (vy/a,W)t, {=2/a. ¢ is of course
already dimensionless. Note that to wrifg and(4) in terms

of thickness and concentration fluctuations, we must(8se
to express the local deformation rate () in terms of the

the volume fractiong. If there is an instability, it must then

be becauseéE turns negative, in general as.— ¢, as ¢
crosses a critical value.. This leads to the main result
presented at the start of the paper. In terms of the parameters
in (2) and(6), the instability criterion is

@ | _2Mddo)
n b, fdo)

(14

%o

which should in general happen in real suspensions at large

thickness perturbation, and replace a local viscosity perturenoughey.

bation by a local concentration fluctuation véay/ n=Ns
where

dlnxy
d

N= (¢=dbo). (6)

In more detail, note that the coefficient.(¢)
originates® from a direct shear-induced self diffusion as
well as from a tendency to move dowiiscositygradients.
The latter tendency opposes the instability, as we shall now
show. For a Newtonian suspensiopyaries only if ¢ does.

Although the procedure is straightforward, some care mustnus, by the arguments of Leighton and Acrivose can

be taken in obtaining the perturbation equation frdn the
perturbation of'y will involve w, which must then once
again be eliminated in favor odw, ¢. Carrying out these
steps, and Fourier-transforming with respectta.e., con-
sidering spatial variation of the form eiqy, we find that the
Fourier componentsly, ¢, obey

J Hq HCI}
— =M
at| g tq
_{ —(2+3¢®) N HHQ} 7
= _SqZ(1+2q2) —(C—NS)q2 ll/q -0
where
S=azdofs(do), C=azfc(do), and EEP;’aZI

8

write the current in(1) as

= — a2 Mo L+ Y (MM i 15
j=—a%¢ S¢(9Z+7( et 77-/\/)(921 (15
whereM., Mg, andM, are order-unity phenomenological
guantities. Comparingl5) and(2) we see thaf;= Mg and
fe=¢(M;+AM,), and the instability criterion(14) be-
comes Ms—2M,)N>2M;. The experiments of Refs. 3
and 6 have determined these coefficients for diffusion in the
gradient direction, while diffusion in the problem we con-
sider is in the vorticity direction. Further, a microscopic
theory for determining them is also not available. Provided
M¢>2M,,, the growth of the viscosity witl) (Refs. 9 and
10) means that the instability should always arise at large
enough concentration. An independent measurement of these
coefficients is clearly called for.

We now assume that the uniform state is unstable and

The stability or otherwise of our sheared suspension is dete@Sk Whether the typical wave number of the segregation

mined by the characteristic equation
A2+ (2+Dg?)N+E?+C2q*=0 9)

for the eigenvalues. of the dynamical matrixM in (7),
where

D=3+C-ANS, E=2C-AS. (10)
For q— 0, the solutions td9) are
N (1D
2
Np=—2+ ;—D)qz. (12

We see from(11) that the uniform state is linearly unstable to
segregation and thickness modulatiorEi 0, with pertur-
bations growing at a rath~q2 at smallq, and particles

changes from its initial value), , and whether nonlinear
terms cause the exponential growth to saturate at long times.
It suffices to look at the dynamics for the slow md@egen-
value \; in the linearized limit. In that caseH, in (7) is
“slaved” to g, Hq=—Nyy/(2+2g?. Expanding (2)
aboute,, and retaining terms nonlinear ify,, we obtain the
effective equation of motion,

iy
at

NS o*y

T 19

E 2 3

972 §¢+c2¢p +czy... | —
wherec, andcz are coefficients arising from thé depen-
dence off, fs, and 5. Equation(16) is well-known in the
domain-growth literaturé®® In particular, it has been
showrt* that the nonlinear terms if16) with E<0 cause the
characteristic wavelength(t) of the pattern of segregation
at timet to grow as Irt at long times. This extremely slow
growth should in principle be testable by a patient experi-

concentrating in the thick regions. It is straightforward to menter.

show that\ ; turns over at largeq, passing through zero at
g=+—E/CX, with a peak located, foE—0", at

We have shown that two classic properties of non-
Brownian suspensions, viz., concentration-dependent
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